There are many significant applications of Fourier Shape Descriptor characterization of boundaries of regions in images. Whenever it is desirable to compare two shapes, independent of rotation, starting point, or compensate for magnification, Fourier Shape Descriptors (FSDs) have merits.
INTRODUCTION
The value of Fourier Shape Descriptors is well known. In the medical application being explored, the boundary of anatomic structures in brain imagery are being segmented by a ray casting technique and it is natural to extract information of the boundary from the rays.
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For example, the convex hull is trivially extracted since the rays are cast from the centroid of the object form the "star shaped object" used in the formation of the convex hull.
In this generation of the technique, by recording all of the intersections of the boundary with the ray, we generate the boundary as a function of s. This is essentially a different approach to obtain the R-S representation of the boundary 3 which might be of some interest. centroid is interior to the ROI all of the points on the boundary are path connected to centroid, 4 and a ray extending from the centroid (a straight path) will intersect at least one point on the boundary.
TECHNIQUE ( , )
The rays are parameterized by the discrete approximation to θ = k∆θ, k ∈ Z is used. The value of ∆θ is chosen as in the figure to insure that the step doesn't exceed √ 2 at a given maximum radius (As in Figure 1 , worst case behavior is when the boundary is diagonally connected). For example, by selecting the points furthest away from the centroid this constructs the star shaped object, with each of the rays indexed by r(k∆θ). The stopping point of the ray can be enumerated as follows:
Exterior to Interior Tracing the ray back toward the centroid, the there is a transition from exterior to the interior of the object. This is the first transition.
Interior to Exterior Tracing the ray back toward the centroid, the there is a transition from the interior to the exterior of the object. This can not be the first transition.
Coincident with the Boundary
The ray passes through boundary elements which are inline with the edge (See figure 5) The j index in r j (k∆θ) indexes the stopping point of the ray, starting at the boundary point furthest from the centroid, and working inward.
Each of these curves (that partition the path connected boundary points) will share points that will allow us to traverse the true boundary of the object. We refer to this as the mesh of functions which contain the true boundary. Starting at a point on the first function of theta, (e.g., on the set of points furthest away from the centroid) the boundary will be connected to the other sections of the boundary in the following manner.
Proposition 2.2. The true boundary of the object can be extracted from the "mesh" by selecting the next point, closest and adjacent to the current point in delta theta ( positive or negative ) of less than
The maximum change of √ 2 is obtained from allowing the boundary to be 8-way connected, 1, 3 which it turn, is related to the angular step-size through the maximum distance to the centroid of the object.
Since the ∆θ was chosen to insure the rays pass through adjacent pixels, and it is assumed the boundary is complete, at a change of radius exceeding √ 2 the next point of minimum radius will lie on the curve formed from the second intersection of the ray and the boundary, or a collocated ray.
The algorithm to form the curve is from multiple boundary curves is given in Figure 4 . Starting at any point on the boundary, the curve is traversed in a given direction, until there is a discontinuity. Since the assumption is we have a complete boundary, and the sampling in angle was selected to insure one sample of adjacent pixels at maximum radius, the distance between adjacent points on the boundary shouldn't exceed sqrt2. If this distance is exceeded then the next boundary point will been recorded on an adjacent curve. Both the intersections closer to the centroid and further from the centroid are checked in turn, and collocated points handled.
Notice, that if the boundary is incomplete, leading to a ray (or rays) which is not 8-way connected we can selectively "skip" the point and search for the next point which satisfies some prior assumption about the boundary (curvature, size, etc..). In this way, the technique differs from boundary following, although the authors concede that it is common practice to extend boundary following techniques to allow for gaps, or use other approaches to complete the boundary prior to representation.
All points intersecting the ray will be recorded on one of many curves, and there may be many curves resulting from collocated points. To reduce the number of curves required, we can restrict the class of objects, by relaxing the requirement for 8-way connectedness, increasing the maximum change into radius permitted beyond √ 2 to allow sub-sampling of the edges collocated with ray. In the example being considered, figure 6 is the boundary due to the merging of the curves according to the above algorithm. The restriction to the object was made to limit the number of boundary curves. However, by allowing for larger changes in the radius the algorithm will not be correct for all boundaries. By allowing changes in radius greater than √ 2 it is possible to have continued on the same curve if the radius doesn't change more than a given amount (in this case 10). In some boundaries, this increase in allowable change in radius may connect sections of a curve which should be unconnected. The recovered boundary, both the radii and the associated angle are plotted verses arc length in figure 6 .
This approach leads to a finite subdivision of the interval of the domain of the curve, which is piecewise approximated by straight line segments (in what follows we use the standard treatment 6 ). For our case, after the algorithm completes we have P 0 = boundary(1), P 1 = boundary(s) on the interval [1, s] , Σ : 1 < 2 < 3 < · · · < s with line segments boundary(k)boundary(k + 1). We can estimate the length of the arc as
As in the standard definition of arc length "as a limit of lengths of polygonal curves inscribed into an arc". 6 We can use a standard interpolation or curve fitting technique to extend the value of the boundary at the points of the subdivision to the entire interval to obtain a model of the boundary as a function of arc length.
The distance (see Figure1) between the ray intersections are irregularly spaced in discrete samples of arc length s and the care should be taken to interpolate to a regular spacing, or iterate to the correct Fourier coefficients. 7 With care, this step provides a degree of scale independence subject to the underlying resolution of the image. The ability to represent the boundary independent of scale is related to the underlying resolution of the image, since we are sampling the boundary on a regular grid. 
Interior of Object
Each of these Points will lead To an additional curve presents the magnitude of the Fourier shape descriptors. The first term in the magnitude plot relates to the average of the complex numbers representing the boundary. Due to the cut in the otherwise symmetric object, this number is non-zero. 
APPLICATIONS
For two dimensional data Fourier shape descriptors, and for three dimensions Spherical Harmonics are used. In medical images there are numerous applications of fourier shape descriptors and spherical harmonics, for example the characterization of the brain ventricles 8 .
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One application of the technique is to employ the automated symmetry computation in assessing proper alignment of patient head in the scanner (e.g. MR scanner). The boundary of the region of interest is detected (.e.g. by simple thresholding) and the technique is used to extract the boundary. We have been involved in testing the following applications:
1. 2D CT Brain Perfusion. Quantification of perfusion-weighted computed tomography in the setting of subarachnoid hemorrhage.
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We quantify (a)symmetry of perfusion-weighted parameters (e.g. cerebral blood flow) using automated computation of axis of symmetry, automated delineation of vascular territories, that is a direct application of the technique described in this paper.
2. 3D MR Brain Perfusion. Quantification of the degree of relative difference between corresponding vascular regions in the ipsilateral and contralateral hemispheres by taking the relative difference in brain perfusion between these two sides, for patients who underwent carotid endarterectomy (CEA) (who had significant carotid artery stenosis).
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In a more sophisticated way, the actual brain region can be segmented using a fast segmentation method and the boundary shape of the brain matter is used to detect images that are not aligned to the coordinate system of the imaging system. In Figure 8 , we show an example of brain MR PD and T2 data, Figure 8 (a) and Figure 8(b) , respectively that is segmented by a hybrid segmentation method, Figure 9 (a), and its 3D corresponding model is extracted, Figure 9 (b). Using such segmented data of the brain region, and selecting two/three sample segmented slices in the volume, we can apply our method to derive corresponding FSDs, compute axis of symmetry in each slice and fit a plane of symmetry for the brain. From the plane of symmetry we can assess the degree of alignment of the patient's head within the coordinate system of the scanner. 
COMPLEXITY
The number of rays cast is a constant 
CONCLUSION
A mechanism to construct the boundary of a region of interest, when the centroid of the region of interest is internal, has been presented. The resulting boundary representation from application of the technique is not new, but provides an alternative to boundary tracing. An attempt to identify the sources of errors in the estimated Fourier Shape Descriptors has been made.
The technique can be extended to three dimensions and regions of interest homomorphic to the sphere, with the obvious generalizations to the solid angle and spherical harmonics.
